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Abstract
We show that there exist sets of three mutually orthogonal d-dimensional maximally entangled states
which cannot be perfectly distinguished using one-way local operations and classical communication
(LOCC) for arbitrarily large values of d. This contrasts with several well-known families of maximally
entangled states, for which any three states can be perfectly distinguished. We then show that two-way
LOCC is sufficient to distinguish these examples. We also show that any three mutually orthogonal
d-dimensional maximally entangled states can be perfectly distinguished using measurements with a
positive partial transpose (PPT) and can be distinguished with one-way LOCC with high probability.
These results circle around the question of whether there exist three maximally entangled states which
cannot be distinguished using the full power of LOCC; we discuss possible approaches to answer this
question.
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FIG. 1. Schematic for (a) local operations (b) one-way LOCC (c) full LOCC
I. INTRODUCTION
Although much progress has been made in recent years, entanglement remains one of the
most mysterious phenomena in the quantum world, and the interplay between entanglement
and locality is the engine behind many quantum protocols. In the paradigm of local bipartite
quantum state discrimination, two parties (Alice and Bob) each control a quantum system,
which we represent as finite-dimensional spaces HA and HB. Their joint system HA ⊗HB has
been prepared in a pure state from the set S = {|ψi〉}i=0,...N−1; the two component systems are
then separated. Alice and Bob know S and they would like to determine the value of i. Since
they are physically separate, their possible measurement protocols are restricted to those using
only local quantum operations and classical communication (LOCC). The study of the power
and limitations of LOCC has potential applications in cryptography, communication, and data
hiding [1, 2] and is also of inherent interest as a tool to understand entanglement.
The class of bipartite LOCC measurements can be further broken down based on how the
classical communication is used. Local product measures are those in which Alice and Bob
separately perform measurements and only communicate after the fact to compare and interpret
their results. In one-way LOCC, Bob may adapt his measurement based on classical information
received from Alice but no information is allowed to move in the other direction. Finally, full
two-way LOCC allows Alice and Bob to communicate classically as much as they like and to
iteratively adapt their measurements as they go. These distinctions are depicted schematically
in Figure I.
In this paper, we will be exclusively concerned with families of orthogonal maximally entan-
gled states. Orthogonal states could be perfectly distinguished if both parties were in the same
place, while sets of states with maximal entanglement have the property that neither party can
unilaterally extract any information about the identity of |ψi〉; both parties must make mea-
surements in order to learn anything at all. We will be primarily concerned with the question
of perfect local state discrimination: When is it possible for Alice and Bob to determine the
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identity of |ψi〉 100% of the time?
It is known that any two orthogonal maximally entangled states may be perfectly distin-
guished with one-way LOCC (since any two pure states can be distinguished this way [3, 4]).
In [5], we showed that any three mutually orthogonal maximally entangled C3 ⊗ C3 states can
be distinguished with local operators and classical communications, and Fan [6] showed that
any three generalized Pauli states in dimension d can be perfectly distinguished if d is a prime
number greater than two. Since then it has been an open question whether any three mutually
orthogonal maximally entangled states in high dimensions can be distinguished perfectly with
LOCC.
In this work we give examples of three maximally entangled non-qubit states which cannot
be perfectly distinguished with one-way LOCC. These examples can be distinguished using full
two-way LOCC. These are obviously the smallest sets of states with this property and may be
the first known sets of entangled pure states for which two-way LOCC is necessary and sufficient.
We also show that any three orthogonal maximally entangled states may be distinguished
with positive partial transpose measurements (PPT) and can be distinguished with one-way
LOCC with high probability. The question of distinguishing any three maximally entangled
states using full LOCC measurements remains open, but these results show that the answer lies
in the space between PPT and one-way LOCC measures and that this space is small.
The rest of the paper is organized as follows: In Section II, we present a summary of the results
which pertain to local discrimination of a generic triple of orthogonal maximally entangled
states. In Section III, we discuss the necessary conditions for one-way LOCC discrimination
and construct two different families of examples for which one-way LOCC is insufficient. We
also point out that it is possible to distinguish these families using LOCC with two rounds
of communication. In Section IV we prove our PPT bound, while Section V proves an upper
bound on the minimum error in one-way LOCC. Section VI extends these results to larger sets
of states which are distinguishable with PPT but not one-way LOCC. Finally, we conclude with
a discussion of the question which is conspicuously not answered here–whether there exist triples
of orthogonal maximally entangled states which cannot be locally distinguished. There is also
an appendix, in which we present two-way protocols to distinguish the example sets from each
other.
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PPT LOCC LOCC-1 LO Citation
k = 2, d = 2 Always ←− ←− Always [4]
k = 3, d = 2 Never −→ −→ Never [7]
k = 3, d = 3 Always ←− ←− Always [5]
k = 3, d = 4 Always ??????? Sometimes Sometimes
3 Pauli states Always ←− ←− Always [6]
d ≥ 3 prime
k = 4, d = 4 Sometimes Sometimes Sometimes Sometimes [8–11]
k > d ≥ 2 Never −→ −→ Never [5, 9, 12, 13]
TABLE I. Known results for distinguishing maximally entangled states
II. SUMMARY OF RESULTS FOR THREE MAXIMALLY ENTANGLED STATES
In the interest of studying locality and entanglement, we would very much like to understand
which sets of bipartite states can and cannot be distinguished using LOCC. However, the class
of LOCC measurements is notoriously messy to describe mathematically, so we approach the
problem using the standard nested set of measurement classes:
LO ⊂ LOCC − 1 ⊂ LOCC ⊂ SEP ⊂ PPT ⊂ ALL (1)
Here, LOCC represents the full class of measurements which can implemented with LOCC.
The subsets of LOCC are local product measures (LO) and one-way LOCC (LOCC-1), which
have already been discussed. The supersets of LOCC are described in terms of mathematical
formalism, not operationally. A measurement M = {Mk} is separable (SEP) if each Mk can be
decomposed as Mk =
∑
lAk,l ⊗Bk,l across the A : B split, with Ak,l ⊗Bk,l ≥ 0 for each k, l. M
is a positive partial transpose (PPT) measurement if, for each Mk, the operator (I ⊗ T )Mk is
positive semidefinite, where T is the transpose operation. This is described more in Section IV.
The inclusions in (1) are strict, and for each separation we can find sets of states which
demonstrate this separation. Table I summarizes the state of knowledge about small sets of
maximally entangled states, highlighting one or two citations for each. In the table, k is the
number of states and d is the dimension; and the question is: Given a set of k orthogonal
maximally entangled states in Cd ⊗ Cd, are you able to distinguish them perfectly?
The fourth line (k = 3, d = 4) and its associated results are contained in the current paper.
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Note that the standard results for three Pauli states, for three maximally entangled states
in C3 ⊗ C3, and for two qubit maximally entangled states are generally stated in terms of
one-way LOCC. Here we simply point out they can actually be accomplished with a product
measurement. The proof of Fan’s result [6] given in [5] shows that Alice can measure in a basis
of eigenstates for a generalized Pauli matrix. Bob will always measure in the same basis as Alice
and does not need to know her outcome to do so. They can then separately send their results
to a third party who will identify the state they started with, as indicated in Figure I. (In the
special case that three matrices generate a cyclic group, the product measurement in [11] may
also be used.) Similarly, the measurement constructed in [5] to distinguish maximally entangled
states in C3 ⊗ C3 is actually a product measurement, although not explicitly stated. Finally,
we point out that even the standard result for two pure states becomes a product measurement
when both states are qubit maximally entangled states.
As is apparent from the table, we do not yet know whether all triples of orthogonal maximally
entangled states can be distinguished with LOCC. The focus of the current work is to explore
this question. The first result is a negative one:
Theorem 1 There exist triples of mutually orthogonal maximally entangled states in C4 ⊗ C4
which cannot be distinguished with one-way LOCC.
In fact, there exist triples of mutually orthogonal maximally entangled states in Cd ⊗ Cd
which cannot be distinguished with one-way LOCC in any dimension d for which d is even or
d ≡ 2 mod 3.
These examples are significant, as there are not many known sets which highlight the difference
between one-way LOCC and full LOCC. The nonlocality without entanglement states of Bennett
et al.[14] are a basis of nine pure product states in C3⊗C3 which cannot be distinguished with
LOCC–they exemplify the difference between separable measurements and LOCC. In addition,
a subset of seven of these nine states can be distinguished with full LOCC but not one-way
LOCC. This is the most famous example of pure states which have this property. In fact,
few others have been found. Bandyopadhyay et al.[8] gave examples of sets of four and five
generalized Pauli states which cannot be distinguished with one-way LOCC; but it remains an
open question whether they can be distinguished with LOCC at all. Hayashi et al.[15] showed
that one can distinguish a pure maximally entangled states from the maximally noisy mixed
state more successfully with two-way LOCC than with one-way; but the two states are not
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perfectly distinguishable in either case. Thus, the examples in Section III are interesting in
their own right, to understand the difference between these two paradigms.
While LOCC-1 is a strict subset of all possible LOCC measurements, the positive partial
transpose (PPT) measurements form a strict superset. And in this case, we get an affirmative
result:
Theorem 2 Any three orthogonal maximally entangled states in Cd⊗Cd, d ≥ 3, can be perfectly
distinguished with a PPT measurement.
When d = 3, this theorem follows from the LOCC result in [5]. For larger values of d, it is a
corollary to a more general result, Theorem 4, which is stated and proved in Section IV.
Taken together, Theorems 1 and 2 show that there is a gap between LOCC-1 and PPT
when it comes to triples of maximally entangled states. Since the set of LOCC measurements is
strictly between these two sets, we would like to understand how big is the gap between them.
The following result says that this gap is not very big.
Theorem 3 Any three orthogonal maximally entangled states in Cd ⊗ Cd can be distinguished
with one-way LOCC with error probability at most 2
3d
.
The question of whether any three orthogonal maximally entangled states can be distinguished
using LOCC measures has proved challenging, as the answer lies in the small space between
LOCC-1 and PPT. The significance of the current work is to show that there is in fact a
gap between these two sets with respect to this problem; this will hopefully point the way to
answering the general LOCC question.
In the remainder of the paper, we prove our results and explore our examples in greater
detail.
III. SETS WHICH CANNOT BE DISTINGUISHED WITH ONE-WAY LOCC
In this, section we present our families of examples. The first family is defined in Cd ⊗ Cd
when d is even; the second family when d ≡ 2 mod 5. First, we explicitly give necessary and
sufficient conditions for one-way LOCC state discrimination.
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A. Characterizing one-way LOCC measurement
A one-way LOCC measurement is of the form M = {Ak ⊗ Bk,j} with
∑
k Ak = IA and∑
j Bk,j = IB for each value of k. If we get the outcome Ak ⊗ Bk,j, we conclude that our state
was prepared as |ψj〉. This will distinguish our states perfectly if, for each k and i 6= j.
〈ψi|Ak ⊗Bk,j|ψi〉 = 0
This implies that if |a⊗ b〉 is an eigenvector of Ak ⊗Bk,j with nonzero eigenvalue,
〈ψi|a⊗ b〉〈a⊗ b|ψi〉 = |〈ψi|a⊗ b〉|2 = 0
Thus without loss of generality, we can relabel and assume that Ak = mk|ak〉〈ak| is a rank one
matrix with trace mk. Here, |ak〉 is the entrywise complex conjugate of |ak〉 in the standard
basis. Using the representation |ψi〉 = (I ⊗ Ui)|Φ〉, the (non-normalized) state of Bob’s sys-
tem after Alice’s measurement is Ui|ak〉. These can be distinguished if and only if the states
{Ui|ak〉}i=0...N−1 form an orthonormal set. This gives us our result:
Proposition 1 Given a set of states S = {|ψi〉 = (I⊗Ui)|Φ〉} ⊂ Cd⊗Cd, with |Φ〉 the standard
maximally entangled state.
The elements of S can be perfectly distinguished with one-way LOCC if and only if there exists
a set of states {|φk〉} ⊂ Cd and a set of positive numbers {mk} such that
∑
kmk|φk〉〈φk| = Id
and
〈φk|U∗j Ui|φk〉 = 0 (2)
whenever i 6= j.
Equivalently, the elements of S can be perfectly distinguished with one-way LOCC if and only
if there exists a d × r partial isometry W such that WW ∗ = Id and such that whenever i 6= j,
the r × r matrix W ∗U∗i UjW has every diagonal entry equal to zero.
In the case of maximally entangled states, the Ui are unitary matrices, which implies that
〈φk|U∗j Ui|φk〉 = δi,j for each k. This also means that Alice’s initial measurement provides no
information about the identity of the prepared state.
Bandyopadhyay, et al., studied maximally entangled states and one-way LOCC in [8], provid-
ing examples of four orthogonal maximally entangled states which cannot be distinguished with
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one-way LOCC. Their Corollary 3 gives a necessary condition for one-way LOCC discrimina-
tion, that there exists at least one vector |φk〉 which satisfies (2). Proposition 1 gives a stronger
necessary condition which is also sufficient; our examples will need this stronger result in cases
when d > 4.
B. Counterexample in dimension d = 2m
It is well known that no three maximally entangled states in dimension d = 2 can be per-
fectly distinguished with LOCC; we will use this fact to construct a counterexample in higher
dimensions. Recall the qubit Pauli matrices :
X =
0 1
1 0
 , Y =
0 −i
i 0
 , Z =
1 0
0 −1
 .
These correspond to the Bell states {|Φ1〉, |Φ2〉, |Φ3〉} ⊂ C2⊗C2. We will use the Pauli matrices
to build maximally entangled states in any even dimension. We will also be multiplying by an
arbitrary phase. For any ω with |ω| = 1, we define Tω as the m ×m diagonal unitary matrix
with all ones except for the first entry:
Tω :=

ω
1
. . .
1
 .
We then choose ω and γ generically on the unit circle, so that none of ω, γ, or ωγ is real.
Let |ψ0〉 be the standard maximally entangled state. Setting U = Tω ⊗X and V = Tγ ⊗ Z,
we can look at the maximally entangled states given by S = {|ψ0〉, (I ⊗ U)|ψ0〉, (I ⊗ V )|ψ0〉} ⊆
C2m ⊗ C2m. It is easily checked that these are mutually orthogonal and maximally entangled.
In the case d = 4, the three states are given by
|ψ0〉 = 1
2
(|00〉+ |11〉)A1B1 ⊗ (|00〉+ |11〉)A2B2
|ψ1〉 = 1
2
(ω|00〉+ |11〉)A1B1 ⊗ (|01〉+ |10〉)A2B2 (3)
|ψ2〉 = 1
2
(γ|00〉+ |11〉)A1B1 ⊗ (|00〉 − |11〉)A2B2
We now show that these examples cannot be distinguished with one-way LOCC.
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Suppose Alice performs an initial measurement M on her system and receives the outcome
corresponding to the operator MT . Note that the outcome yields no classical information about
the identity of the state (since the states are maximally entangled) and that after measurement
the system is in the (nonnormalized) state (I⊗UiM1/2)|ψ0〉. In order for perfect discrimination
to happen, we need TrUiMU
∗
j = 0 whenever i 6= j. We write U, V, and M as a block matrices,
in blocks of size 2 and 2(r − 1), where I is the (r − 1)× (r − 1) identity matrix:
U =
ωX
X ⊗ I
 , V =
γZ
Z ⊗ I
 , M =
A C∗
C B
 ≥ 0.
The required orthogonality conditions imply that
d〈ψ0|M |ψ1〉 = TrUM = ωTrXA+ Tr(X ⊗ I)B = 0
d〈ψ0|M |ψ2〉 = TrVM = γTrZA+ Tr(Z ⊗ I)B = 0 (4)
d〈ψ1|M |ψ2〉 = TrVMU∗ = −iωγTrY A− iTrTr(Y ⊗ I)B = 0
Since A,B,X, Y, Z are all hermitian and the product of two hermitian matrices always has a
real-valued trace, we see that
ωTrXA = −Tr(X ⊗ I)B ∈ R =⇒ TrXA = 0,
γTrZA = −Tr(Z ⊗ I)B ∈ R =⇒ TrZA = 0,
ωγTrY A = −Tr(Y ⊗ I)B ∈ R =⇒ TrY A = 0.
Since the Pauli matrices form a basis for 2 × 2 hermitian matrices, we are forced to conclude
that A = tI2 for some t ∈ [0, 1].
From Proposition 1, to distinguish these states with one-way LOCC, we need Alice to have
complete measurement M = {Mi} consisting of rank one matrices. If A is a multiple of the
identity matrix, then either A = 0 or else the rank of M is at least two. Thus, either M contains
measurements of rank greater than one or else
∑
iMi 6= I. In either case, M cannot be the first
step of a perfect one-way LOCC protocol. 
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C. d = 2 + 3r
Let d = 2 + 3r for r ≥ 1. We will again use the 2× 2 Pauli matrices X, Y and Z and fixed
generic phases ω and γ with |ω| = |γ| = 1. We will also make use of the permutation matrix
P =

0 0 1
1 0 0
0 1 0
 (5)
and define the 3r × 3r matrix Q = P ⊗ Ir. We consider the set of matrices Id, U, V with
U =
ωX 0
0 Q
 V =
γZ 0
0 Q2

Let |ψ0〉 be the standard maximally entangled state and choose ω and γ with γ 6= ±iω2. We
claim that the states |ψ0〉, |ψ1〉 = (I ⊗ U)|ψ0〉 and |ψ2〉 = (I ⊗ V )|ψ0〉 are orthogonal and
maximally entangled but not distinguishable with one-way LOCC. In the case d = 5, these
three states are given by
|ψ0〉 = 1√
5
(|00〉+ |11〉+ |22〉+ |33〉+ |44〉)AB
|ψ1〉 = 1√
5
(ω|01〉+ ω|10〉+ |23〉+ |34〉+ |42〉)AB (6)
|ψ2〉 = 1√
5
(γ|00〉 − γ|11〉+ |24〉+ |32〉+ |43〉)AB
To show that one-way LOCC is insufficient, we will again suppose that Alice performs a mea-
surement M on her system and receives the outcome corresponding to the operator MT . If we
write M ≥ 0 in block form as M =
A C∗
C B
, the fact that 〈ψi|(I ⊗M)|ψj〉 = 0 for i 6= j
implies that
TrMU = ωTrAX + TrBQ = 0
TrMV = γTrAZ + TrBQ2 = 0 (7)
TrMU∗V = −iωγTrAY + TrBQ = 0
The first and third equations imply that ωTrAX + iωγTrAY = 0. Since TrAX and TrAY are
real, either iω2γ is real or else TrAY = TrAX = 0. Since we assumed that γ 6= ±iω2, TrAY =
TrAX = 0, which implies that TrBQ = 0, TrBQ2 = TrBQ = 0, and TrAZ = −γTrBQ2 = 0
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Hence, as in the previous example, we get that A must be a multiple of the 2 × 2 identity
matrix, which implies that either M has rank greater than one or else A = 0. Again, we see
that either M contains measurements of rank greater than one or else
∑
iMi 6= I. In either
case, M cannot be the first step of a perfect one-way LOCC protocol. 
IV. POSITIVE PARTIAL TRANSPOSE MEASUREMENTS
Recall that the partial transpose of a matrix acting on a bipartite system is the application
of the transpose map to just one of the two pieces of the system. While the transpose map
T is positivity-preserving, the partial transpose map (I ⊗ T ) is not. On other hand, (I ⊗ T )
is positivity-preserving when restricted to separable matrices. Thus, if M ∈ Cd ⊗ Cd is a
separable operator, then (I ⊗ T )M ≥ 0. Said differently, having a positive partial transpose
is a necessary (but not sufficient) condition to being separable. We say that a measurement
M = {M1,M2, . . . ,Mk} is a positive partial transpose measurement (PPT) if (I⊗T )Mi ≥ 0 for
all i; this condition is necessary for M to be implemented using LOCC.
For any pure maximally entangled state ρ = |ψ〉〈ψ|, its partial transpose ρPT = (I ⊗ T )ρ
has eigenvalues 1
d
and −1
d
. Let {|ψ1〉, |ψ2〉, . . . |ψk〉} be an orthogonal set of pure maximally
entangled bipartite states. We propose the following measurement to distinguish them:
M = {M1,M2, . . . ,Mk}
Mi =
1
k
(
I + (k − 1)ρi −
∑
j 6=i
ρj
)
Since the ρi are mutually orthogonal,
∑
j ρj ≤ I and Mi ≥ 0. It is clear that this is a POVM,
since
∑
iMi = I. Since all ρPTj ∈ [−1d , 1d ], we get
∑
j 6=i ρ
PT
j ≤ (k−1)d and
(I ⊗ T )Mi ≥ 1
k
(
1− 2(k − 1)
d
)
≥ 0 (8)
whenver 2(k−1)
d
≤ 1.
This gives us our result:
Theorem 4 Given k orthogonal states {|ψ1〉, |ψ2〉, . . . , |ψk〉} which are maximally entangled on
Cd ⊗ Cd.
If k ≤ d
2
+ 1, then there exists a PPT measurement M = {M1,M2, . . .Mk} such that
〈ψi|Mj|ψi〉 = δi,j (9)
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Specific to our current work, we set k = 3:
Corollary 1 Every set of three mutually orthogonal maximally entangled states in Cd⊗Cd for
d ≥ 3 can be perfectly distinguished using a PPT measurement.
The corollary follows from the theorem when d ≥ 4 and from the LOCC result in [5] when
d = 3.
Note that Cosentino [9] has given an example of d = 2n so-called “lattice states” in Cd ⊗Cd
which cannot be distinguished with PPT measurements. This means that there is a least upper
bound α ∈ [1
2
, 1] such that, for large enough d, any set of fewer than αd orthogonal maximally
entangled states can be distinguished with PPT.
V. ACHIEVING THE ONE-WAY BOUND IN THEOREM 3
In what follows we will assume that each |ψi〉 occurs with a priori probability pi, with
p0 ≥ p1 ≥ p2. To prove the bound, we use the naive strategy of perfectly distinguishing
the more likely states |ψ0〉 and |ψ1〉 from each other and identifying the state as |ψ2〉 only when
our measurement is inconsistent with any other hypothesis. (This gives conclusive identification
of |ψ2〉 as described in [16].) By Theorem 2 in [17], this procedure is guaranteed to give us a
success probability of at least p0 + p1 ≥ 23 , since we will be correct whenever the true state is
either |ψ0〉 and |ψ1〉. However, we can do better.
As above, we write |ψi〉 = (I ⊗ Ui)|ψ0〉 for unitary matrices Ui with U0 = I. Without loss
of generality, we assume that U1 is diagonal in the standard basis. (Otherwise, Alice and Bob
can perform a rotation of the form (V ⊗ V ) to diagonalize U1 and retain U0 = I.) As in [18],
we randomize the measurement by choosing a diagonal unitary Wx =
∑
k e
2piixk |k〉〈k|, with
x = (x0, x1, . . . , xd−1) chosen uniformly from [0, 1]d. Alice and Bob begin by performing the
product rotation Wx ⊗W ∗x , which leaves the states |ψ0〉 and |ψ1〉 invariant.
Alice then performs a Von Neumann measurement in the basis {|ϕj〉}j=0,...,d−1, where
|ϕj〉 = 1√
d
d−1∑
k=0
e2piijk/d|k〉. (10)
If Alice gets the result j, then Bob measures using any basis which includes the orthogonal
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states |ϕd−j〉 and U |ϕd−j〉. This gives us the one-way LOCC measurement
Π0(x) =
∑
j
Wx|ϕj〉〈ϕj|W ∗x ⊗W ∗x |ϕd−j〉〈ϕd−j|Wx
Π1(x) =
∑
j
Wx|ϕj〉〈ϕj|W ∗x ⊗W ∗xU |ϕd−j〉〈ϕd−j|U∗Wx (11)
Π2(x) = I − Π0(x)− Π1(x)
This is a one-way LOCC measurement which distinguishes |ψ0〉 and |ψ1〉. If we average over all
possible choices of x, these operators can be rewritten as
Π0 =
∫
[0,1]d
Π0(x)dx = |ψ0〉〈ψ0|+ 1
d
R
Π1 =
∫
[0,1]d
Π1(x)dx = |ψ1〉〈ψ1|+ 1
d
R
where R =
∑
i 6=j |i⊗ j〉〈i⊗ j|. This makes it clear that 〈ψ0|Π0|ψ0〉 = 〈ψ1|Π1|ψ1〉 = 1. We also
see that 〈ψ2|Π0|ψ2〉 = 〈ψ2|Π1|ψ2〉 = 1d〈ψ2|R|ψ2〉 ≤ 1d ||R||∞ = 1d . Hence, the probability of error
is bounded by
Perror = p2〈ψ2|(Π0 + Π1)|ψ2〉 ≤ 2
3d
(12)

VI. MORE THAN THREE STATES
We would like to show that the phenomenon described here is not limited to three states.
That is, for fixed k ≥ 3, we wish to find a set of k orthogonal maximally entangled states in
high dimension which cannot be distinguished using one-way LOCC. This can always be done.
Proposition 2 For any k ≥ 3 and for arbitrarily large values of d, there exist sets of k or-
thogonal maximally entangled states in Cd ⊗ Cd which are perfectly distinguishable with PPT
measurements but not with one-way LOCC.
We build such an example below, which is a generalization of the one in Section III C, and
show that it cannot be distinguished with one-way LOCC. Note that if d is large enough, then
Theorem 4 guarantees that these states can be distinguished with PPT measurements.
Let m = 2n be a power of two with k ≤ m2; let {|φi〉 = (I⊗Xi)|Φm〉} be a subset of the qubit
lattice states which cannot be distinguished using one-way LOCC. Any set of k > m lattice
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states is locally indistinguishable; examples with k = m are given in [9, 10]; and an example
with k = 15 < d = 16 is given in [19]. Sets of lattice states have the property that each Xi is
a hermitian matrix and each product XiXj is either hermitian or skew hermitian. We wish to
show that these states can be used to build sets of k states in arbitrarily large dimensions which
cannot be distinguished with one-way LOCC.
As in our earlier example with k = 3, define P =
∑k−1
j=0 |j + 1〉〈j| (with addition modulo
k) and Q = P ⊗ Ir for r ≥ 1. Then our set of states is {|ψi〉 = (I ⊗ Ui)|Φd〉}i=0,...,k−1 with
d = m+ kr and
Ui =
αiXi
Qi

where the partition is into blocks of size m and kr and the αi are arbitrary points on the unit
circle. Since TrU∗i Uj = Tr (αjαiXiXj +Q
j−i) = krδi,j, these states are orthogonal. We will
show that if there exists a one-way LOCC measurement to distinguish the {|ψi〉}, then there
exists one to distinguish the {|φi〉}, contradicting our assumption.
The proof follows the one in Section III C. If M is an initial measurement performed by Alice,
with M =
A C∗
C B
 ∈M, then for all 1 ≤ j < k − 1
TrU0MU
∗
j = α0αjTrAX0Xj + TrBQ
−j = 0
TrU1MU
∗
j+1 = α1αj+1TrAX1Xj+1 + TrBQ
−j = 0
This means that
α0αjTrAX0Xj = α1αj+1TrAX1Xj+1
We know that TrAX0Xj and TrAX1Xj+1 are either real or pure imaginary, which implies that
(α0αjα1αj+1)
4 = 1 or else TrAX0Xj = 0. Since the αi are chosen generically, we conclude that
TrAX0Xj = TrAX1Xj+1 = 0. This means that TrBQ
j = 0 for all 1 ≤ j ≤ k − 1 and hence
TrAXiXj = −αiαjTrBQi−j = 0 for all i 6= j.
So, if there exists a one-way LOCC measurement which distinguishes the |ψi〉, then Alice’s
measurement M = {Mk} consists of rank one matrices such that the corresponding upper
components Ak satisfy TrAkXiXj = 0 when i 6= j. Such Ak must have rank at most one
and satisfy
∑
k Ak = Im; but this implies that A = {Ai} is the first step in a one-way LOCC
measurement which perfectly distinguishes the |φi〉.
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Since we assumed that no such measurement exists for the {|φi〉}, none exists for the {|ψi〉}
and we have a set of k maximally-entangled states in Cm+kr ⊗ Cm+kr for which perfect one-
way discrimination is impossible. And since we can make r as large as we like, we can have k
maximally entangled states in arbitrarily large spaces (and hence with arbitrarily large amounts
of entanglement) which cannot be distinguished with one-way LOCC. 
It is hoped that specific constructions of such sets of states will establish (a) whether these
states are distinguishable with two-way LOCC and (b) whether these sets are not simply su-
persets of each other; that is, can we find such sets for which any k
2
of them are distinguishable
with one-way LOCC. While this has not been done in general, we can say something stronger
in the case k = 4.
Proposition 3 In arbitrarily high dimensions d, there exists sets of four maximally entangled
states such that any three of them can be distinguished with one-way LOCC but the entire set
cannot be.
We use the construction above with k = m = 4 and use the specific example from [9, 10] of a
set of four lattice states which are not distinguishable even with PPT measurements. The rest
of the proposition follows from the following lemma, which is proved in the appendix.
Lemma 1 Any set of three qubit lattice states in C4 ⊗ C4 can be distinguished with one-way
LOCC.
This means that the set of four indistinguishable lattice states in C4⊗C4 is minimal, since any
three can be distinguished with one-way LOCC.
VII. CONCLUSIONS
We have addressed the question of whether there exist triples of orthogonal maximally en-
tangled states in Cd ⊗ Cd which cannot be distinguished using local operations and classical
communications; and in the process have given the smallest possible examples of sets of states
which are distinguishable with two-way LOCC but not one-way. The region between these two
paradigms remains elusive, and very few examples have been given of sets such as these. On the
other hand, we have shown that any set of three orthogonal maximally entangled states can be
distinguished perfectly with a positive partial transpose measurement and with high probability
using one-way LOCC.
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The answer to the question of LOCC distinguishability is located in the small space between
these results, somewhere in the murky area between LOCC-1 and PPT. The open question of
the existence of triples which cannot be distinguished with LOCC is interesting for its own sake
but also to push our understanding of the line between LOCC and not.
Acknowledgement: The author is grateful to Saint Mary’s College for granting a sabbatical,
during which much of this work was completed.
Appendix A: Distinguishing the examples using two-way LOCC
Given the difficulty in giving a mathematical characterization of the full set of LOCC mea-
surements, the most effective way to show that a set of states is distinguishable with LOCC is
to explicitly build a protocol to distinguish them. Below, we show how we can distinguish the
examples described in Section III.
1. A two-way LOCC protocol to distinguish the d = 2m example
We show that the examples given in Section III B may be distinguished perfectly with a two-
way LOCC protocol. We use the tensor product structure of this example to use one-way LOCC
to eliminate one of the three states; that is, we use one-way LOCC to transform {|ψ0〉, |ψ1〉, |ψ2〉}
into {|Φj〉, |Φk〉} for {j, k} ⊂ {0, 1, 3}. We can then use a second round of LOCC to distinguish
the remaining two options. The protocol is as follows:
(1) We will initially assume that the origin is in the convex hull of the points {1, ω, γ} in the
complex plane. This is equivalent to the fact that the imaginary parts of ω, γ and γω are either
all positive or all negative.
Suppose this is the case. Then we can define
p0 = |=(γω)| p1 = |=(γ)| p2 = |=(ω)| (A1)
with p = (p0, p1, p2) ∈ R3+. It is easily checked that under our assumption, p is orthogonal to
the vector (1, ω, γ).
(2) Alice performs the measurement A = {ATj,k}j=0...m−1,k=0,1 which acts only on her first
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qubit system, defined by
A0,0 =
m− 2
m− 1 (Im − |0〉〈0|)⊗ I2
Aj,k =
1
m− 1 |aj,k〉〈aj,k| ⊗ I2 for j > 0
|aj,k〉 = 1√
2
(|0〉+ (−1)k|j〉)
If Alice receives the outcome A0,0, then the first system is in the same entangled state
1√
m−1
∑
j |jj〉A1B1 regardless of the value of |ψi〉. Since m > 2, we can use this state to
teleport half of the Bell state from Alice to Bob, and Bob can distinguish the three Bell states
once they are completely on his side. In this case, only one direction of LOCC is needed.
However, suppose Alice receives the outcome Aj,k for j > 0. Then Bob’s first qubit system
is in the state Tα|aj,k〉 for α ∈ {1, ω, γ}, which lies in the two-dimensional span of |0〉 and |j〉.
Bob then measures this subspace using the three-outcome POVM
Bj,k =
2
p0 + p1 + p2
{pi|bj,k,i〉〈bj,k,i| ⊗ I2}i=0,1,2
|bj,k,0〉 = 1√
2
(|0〉+ (−1)k|j〉)
|bj,k,1〉 = 1√
2
(|0〉+ (−1)kω|j〉)
|bj,k,2〉 = 1√
2
(|0〉+ (−1)kγ|j〉)
The sum of the off-diagonal terms is given by
1
p0 + p1 + p2
∑
i
(−1)k(p0 + p1ω + p2γ) = 0
by our construction of the vector p in (A1). This means that∑
i
2pi
p0 + p1 + p2
|bj,k,i〉〈bj,k,i| = |0〉〈0|+ |j〉〈j|
So, Bj,k is a complete measurement on this two-dimensional space; and for each i, 〈aj,k ⊗
bj,k,i|ψi〉 = 0. So, no matter the outcome, one of the possibilities for i has been eliminated.
(3) Now, Alice and Bob can dispose of their m×m system and focus on their qubit system,
where they share one of two possible Bell states, unchanged by the previous measurements.
These two Bell states can be perfectly distinguished with LOCC.
Note that Bob’s measurement depends on some information from Alice and also that Alice’s
measurement depends on information from Bob. This is the heart of a two-way LOCC protocol.
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(4) We now return to our initial assumption, that the origin was in the convex hull of {1, ω, γ}.
Without this assumption, the nonnegative vector (p0, p1, p2) is not orthogonal to (1, ω, γ).
To fix this, we perform a rotation on each of Alice and Bob’s systems. This is the only step
in which the m×m systems interact with the qubit ones. For each σj ∈ {I2, X, Y, Z}, we define
a block diagonal unitary matrix:
Wj =
σj
Im−1 ⊗ I2

That is, all the diagonal blocks are the identity except the first. This is essentially a control-σj
of a m-dimensional system on a two-dimensional system: If the large system is in state |0〉, σj
is applied to the small system. We note that for any phase α, Wj(Tα ⊗ σk)W ∗j = T±α ⊗ σk.
So, as an initializing first step, Alice and Bob perform the product rotation Wj ⊗Wj, which
affects the states as
{T1 ⊗ I2, Tω ⊗X,Tγ ⊗ Z} → {T1 ⊗ I2, Tω′ ⊗X,Tγ′ ⊗ Z}
with ω′ = ±ω, γ′ = ±γ. We choose the unique value of j ∈ {0, 1, 2, 3} such that the imaginary
parts of ω′, γ′ and γ′ω′ are either all positive or all negative. After this step, the origin is in the
convex hull of {1, ω′, γ′} and we can run the rest of our protocol.
We can see then that the three states {|ψi〉} may be perfectly distinguished with two-way
LOCC, even though it is not possible with one-way. 
2. Two-way LOCC protocol to distinguish the examples in Section IIIC
We now show that the examples in Section III C can also be distinguished with two-way
LOCC. Unlike the previous protocol, this is not a method of elimination: All three possibilities
remain until the last step. The protocol is as follows.
First, Alice measures using A = {ATk }k=0,...3r−1 with
Ak =
1
3r
|0〉〈0|+ 1
3r
|1〉〈1|+ |k + 2〉〈k + 2|
All outcomes are equivalent, so without loss of generality we will assume that k = 0. And for
simplicity, we will focus on the base case, r = 1; the general case is identical except that all
threes are replaced with 3r. The outcome A0 maps the matrix Ui to UiA
1/2
0 , leaving our three
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matrices as  1√3I
|0〉〈0|
  1√3ωX
|1〉〈0|
  1√3γZ
|2〉〈0|

We claim that at this point, only one more measurement by each party is necessary. According
to Proposition 1, this is equivalent to the existence of a partial isometry W0 such that for each
i 6= j, W0UiAkU∗jW ∗0 has every diagonal element equal to zero. We construct such a W below,
with some motivation.
Let (u, v)∗ be a row of W , partitioned with u ∈ C2 and v ∈ C3 as before. The orthogonality
conditions imply that
ωu∗Xu+ 3〈0|vv∗|1〉 = 0
γu∗Zu+ 3〈0|vv∗|2〉 = 0 (A2)
ωγu∗ZXu+ 3〈2|vv∗|1〉 = 0
We write v =

v0
v1
v2
 and mimic the argument in Section III C, noting that (A2) implies that
{ωv0v1, γv0v2, iωγv2v1} ⊂ R
For general ω and γ, this implies that two of these numbers must be zero. Hence, vk = 0 for
some k ∈ {0, 1, 2}. This also implies that u∗σiu = 0 for two values of i.
As an example, suppose that v1 = 0. This implies that u
∗Xu = u∗Y u = 0, which means that
either u = 0 or else u is an eigenvector of Z. If u 6= 0, then (A2) implies
0 = γu∗Zu+ 3v0v2 = ±γu∗u+ 3v0v2
So v0v2 = ∓γ3u∗u. This leads us to the following set of 4 (non-normalized) vectors:
ui
vi
 ∈


√
3
0
1
0
−γ

,

−√3
0
1
0
−γ

,

0
√
3
1
0
γ

,

0
−√3
1
0
γ


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Each of these vectors has the desired properties. In addition,
3∑
i=0
ui
vi
(u∗i v∗i ) =

6
6
4
0
4

We can similarly define sets of four vectors each based on the eigenvectors of X and of Y . This
gives us twelve vectors; summing up all of them gives
11∑
i=0
ui
vi
(u∗i v∗i ) =

18
18
8
8
8

To complete the measurement, we allow the case u = 0, in which case v =
√
10|k〉 is simply
a multiple of a standard basis vector. Rescaling gives us a complete measurement with 15
outcomes which Bob can perform based on the outcome of Alice’s measurement. (If Bob didn’t
know the outcome of Alice’s measurement, he couldn’t properly coordinate the values of u and
v, hence the necessitity of two-way communication.) The corresponding partial isometry has
four columns for each of the Pauli matrices plus a set of three columns for the identity, yielding
the 5× 15 matrix W ∗0 :
1√
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
√
3 −√3 0 0
√
3
2
−
√
3
2
√
3
2
−
√
3
2
√
3
2
−
√
3
2
√
3
2
−
√
3
2
0 0 0
0 0
√
3 −√3
√
3
2
−
√
3
2
−
√
3
2
√
3
2
−i
√
3
2
i
√
3
2
i
√
3
2
−i
√
3
2
0 0 0
1 1 1 1 1 1 1 1 0 0 0 0
√
10 0 0
0 0 0 0 −ω −ω ω ω 1 1 1 1 0 √10 0
−γ −γ γ γ 0 0 0 0 −iωγ −iωγ iωγ iωγ 0 0 √10

It is straightforward to check that W ∗0W0 = I5 and that when i 6= j, the diagonal entries of
W0UiA0U
∗
jW
∗
0 are all zero. This means that Bob can apply the partial isometry to embed his
5-dimensional system in a 15-dimensional one. He then measures in the standard basis and gets
the outcome x. Alice’s task now is to distinguish the states A
1/2
0 U
T
i W
T
0 |x〉, which are mutually
orthogonal.
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Appendix B: Proof of Lemma 1
Suppose our three lattice states are given by
|ϕi〉 = |Φx(i)〉 ⊗ |Φy(i)〉
with i = 0, 1, 2 and x(i), y(i) ∈ {0, 1, 2, 3}. There are two possibilities:
Suppose x(0) = x(1) = x(2). Then we can use the first system to teleport the second to Bob,
who can perform a complete local measurement to distinguish the {|Φy(i)〉}, which must all be
distinct. Alice’s only measurements happen in the teleportation, so this is accomplished with
one-way LOCC. Likewise, if y(0) = y(1) = y(2).
If this is not the case, then there must be a relabeling of the states {0, 1, 2} such that
x(1) /∈ {x(0), x(2)} and y(2) /∈ {y(0), y(1)}. These are just Pauli states, and there exist one-
way LOCC measurements to distinguish |Φx(1)〉 from the other two states {|Φx(0)〉, |Φx(2)〉} on the
first system; and to distinguish |Φy(2)〉 from the other two states {|Φy(0)〉, |Φy(1)〉} on the second.
Alice performs the first step of these two measurements in parallel, reports her outcomes to
Bob, who can then complete each measurement. This uniquely identifies |ϕi〉, as seen in the
table below:
x(0), x(2) x(1)
y(0), y(1) |Φ0〉 |Φ1〉
y(2) |Φ2〉
Regardless of the outcome, we can distinguish three lattice states in C4 ⊗ C4 using one-way
LOCC.
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